Comparison of Linear and Nonlinear Vibration Isolation System under Random Excitation  by Smirnov, Vladimir & Mondrus, Vladimir
 Procedia Engineering  153 ( 2016 )  673 – 678 
Available online at www.sciencedirect.com
1877-7058 © 2016 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of the XXV Polish – Russian – Slovak Seminar “Theoretical Foundation of Civil Engineering”.
doi: 10.1016/j.proeng.2016.08.221 
ScienceDirect
XXV Polish – Russian – Slovak Seminar “Theoretical Foundation of Civil Engineering”
Comparison of linear and nonlinear vibration isolation system under 
random excitation
Vladimir Smirnov a*, Vladimir Mondrus b
aMoscow State University of Civil Engineering (National Research University), 26 Yaroslavskoye Shosse, Moscow, 129337, Russia
Abstract
This article studies and compares the efficiency of linear and nonlinear vibration isolation systems. The estimation relies on the 
value of isolated mass standard deviation due to external oscillation with different spectral densities. The solution of nonlinear 
differential equation of isolated by nonlinear vibration isolator mass is based on harmonic linearization method. External 
excitation process is treated as white noise wideband process with different spectral densities. The main interest is attached to the 
definition of vibration criteria exceedance number for the isolated mass suspended on both types of vibration isolators. The 
article suggests the application of several practical formulas of exceedance number calculation
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1. Introduction
This work is devoted to the design of vibration isolation systems high-precision equipment from base vibrations 
of natural and anthropogenic origin. To equipment of the type under consideration include: jig boring and master 
machines, precision Metalworking (as well as machines for processing of non-metals, for example, ceramics in the 
manufacture of lenses for telescopes), scanning probe and atomic force microscopes, lithography scanners, optical 
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benches and tables, interferometers and other high-precision scientific research and production equipment. 
Requirements for protection of such equipment are plotted in Fig. 1 based on the materials [1].
Fig. 1. Generic vibration criterion curves for vibration-sensitive equipment
Virtually any place for installation of this type of equipment presents its own level of low-frequency base 
vibrations, caused mainly by human activities. Typical anthropogenic sources of vibration and their characteristics 
are shown in table 1.
     Table 1. Typical vibration source characteristics.
Vibration source Predominant frequency, Hz Amplitude, mm
Air compressor 4 – 20 0,254
Loading-unloading equipment 5 – 40 0,025
Pumps 5 – 25 0,025
Pedestrian activity 0,55 – 6 0,0003
Air noise 100 – 10000 0,25 – 0,0025
Punching machinery Up to 20 0,25 – 0,00030
Power converters 50 – 400 0,0025 – 0,0003
Elevators Up to 40 0,025 – 0,0003
Building  swaying 46
H
, where H – the building’s height, 
m
2,5
Building air pressure 1 – 5 0,0003
Railway transport 5 – 20 0,15g±
Highway transport 5 – 100 0, 001g±
As the experience of field measurements of vibration in places the device high-precision enterprises, exceeding 
the requirements for protection specified in Fig. 1 begins with frequency 1 – 2 Hz. For effective vibration protection 
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from low frequency oscillations it is advisable [2] to have a very low natural frequency vibration isolation setup 
(respectively, about 0.7 – 1.4 Hz). Manufacturing and operation of vibration-isolation installation with a linear 
characteristic, having a natural frequency below 2 Hz, is associated with great technical difficulties. Thus, to obtain 
small values of the natural frequency vibration isolated installation weight, e.g., about 500 kg (using a single-stage 
system of protection against vibration) it is necessary to use the inertia of the block about 2.5 – 3 tons. Known cases 
of single-stage vibration isolation separating machines [3], when the mass of the inertial block has reached 100t, 
when the frequency of free oscillations of 0.5 – 1 Hz. Thus, nonlinear vibration isolation system, though not so 
popular in the market, such as linear, are quite compact while maintaining the specified performance. In this regard, 
there is the need to compare the technical efficiency of application of these two fundamental vibration isolation 
systems. The application of nonlinear vibration isolation system to optical tables is presented in work [4].
2. Numerical model
As object of research we will consider vibration isolation system with one degree of freedom (horizontal and 
torsional components at this stage, neglected), as shown in Fig. 2, where the vibration isolated object is a mass m, 
resting on a base by springs (linear or nonlinear) with stiffness k and the damper viscosity c. Vibration isolation 
system is under the influence of the kinematic perturbation of the base, varying according to law y(t). Thus 
fluctuations in the securable – x(t) depend on the parameters of the system.
Fig. 2. Numerical model of the vibration isolation system
To solve the problem, we assume that the vibration isolation system is exposed to random base oscillations in the 
type of normal white noise, i.e. the external kinematic perturbation y(t) has the following characteristics:
0 0 0
,y ym const S s= = (1)
where my0 - expectance and Sy0 – spectral density of white noise process.
The equation of motion of a vibration isolated mass written in the form:
3
1 3mu cu k u k u my+ + + = −   (2)
We introduce the following notation:
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3. Harmonic linearization technique
When Į = 0 the equation becomes linear, and its solution is a normal stationary process. When Į WKHVROXWLRQ
of the equation is not a normal process, but for small values of Į we can assume that it is little different from normal, 
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and this makes it possible to use the method of statistical linearization to find a solution [5]. In particular, to
determine the unknown coefficients of the linearization a1, a2 and a3, we have:
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After calculating the integrals in Eq. (4) will receive:
( ) ( )2 2 2 21 2 33 ;  3 3 ;  2x x x x xa m m a m aα σ α σ ζ= + = + = (5)
Linearized equation is written as:
( ) ( )2 20 0 0 0 2 0 1 3 0 0 0 2 0 12 x yx nx x m a x a a y y m a y aω ω+ + + + + = + + + +   (6)
where 1 2 3, ,a a a - the coefficients of linearization for the input random process.
Grouping the terms in equal powers of, we get:
2 2
0 1 0 1x ym a m aω ω+ = + (7)
Using the expression in Eq. (4) for a1JHWWKHILUVWHTXDWLRQFRQQHFWLQJWKHP[P\DQGı\DFWLQJ
( )2 2 2 20 1 03x x x y xm m m a mα σ ω ω+ = + − (8)
After discharge from the Eq. (6) constant components of the resulting equation for the centered random functions:
( ) ( )2 20 0 0 2 0 3 0 0 2 02x x a x a y a yζ ω ω+ + + = + +   (9)
Spectral density of x and are determined based on the ratios [6]:
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The RMS values for x and x are found from:
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A fast solution for calculating integrals in Eq. (12) with more complex functions is proposed in [7].
Then for the case when the characteristics of the oscillations are defined by the Eq. (1) we get:
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From Eq. (8) and Eq. (13) determine the unknown characteristics of the solution – mx, xσ and xσ  . In the 
particular case when my = 0, we get:
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4. Exceedance number
The number of exceedances of the level we find a0 using the formula [5] and given that the number of 
exceedances of less than 2 times the number of crossings of level a0:
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The average duration of the emission is determined by the formula:
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A similar solution for linear vibration isolation system are determined by relationships [5, 8]:
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Thus, for the practical estimation of quality of vibration protection system is necessary, given how the parameters 
of linear and nonlinear vibration isolation systems and determining a level value a0 corresponding to the criterion of 
vibration from Fig. 1, calculate according to the Eq. (15) - (17) the corresponding value of the number of 
exceedances of the level a0. System with a smaller value of N will be more effective in the random vibration of the 
base.
5. Results and discussion
Fig. 3 shows comparative graphs of the standard deviation of vibration isolated mass in the linear and nonlinear 
vibration isolation systems.
The graphs in Fig. 3 presents the set of parameters of vibration protection system: weight of the isolted equipment 
500 kg, the natural frequency of the linear vibration protection system 1.5 Hz, the critical damping is 0.01.
Analyzing the graphs in Fig. 3, it can be noted that the value of xσ for linear systems is subjected to significant 
variation when changing the external influence of s0. With increasing s0 from 10
-6 to 10-4 value also increases by two 
orders of magnitude. However, in a nonlinear system, a similar increase in s0 causes a very slight increase of xσ .
Specified the independence for nonlinear systems from random external parameters of exposure should be attributed 
to the benefits of such systems, since the amplitude of the external influences are changed in wide ranges as shown 
in table 1, and the requirements for vibration isolation indicated in Fig 1, in contrast, remain unchanged. 
As the results of calculations presented in Fig. 3, the greatest influence on the value of xσ KDVWKHSDUDPHWHUĮ
)RU H[DPSOH LQFUHDVLQJ Į Wo 20%, the xσ value increases by 3 orders of magnitude. Unlike linear systems, for 
nonlinear damping value does not affect xσ , as included in Eq. (14) under the root sign. The characteristics of 
nonlinear vibration isolation systems should also include the fact that the reduction of the linearized frequency of 
free oscillations leads to a decrease in magnitude xσ , unlike linear systems.
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Fig. 3. Standard deviation comparison graph
The results of the conducted researches comparative characteristics of linear and nonlinear vibration isolation 
systems. Presented formulas for calculating the number of exceedances to vibration isolated ground installed design 
assignment criterion of vibration for the linear and nonlinear vibration isolation systems. The combined results of the 
comparative analysis of the behavior of these systems showed much higher efficiency of vibration isolation systems 
with nonlinear characteristics to protect precision equipment from low-frequency base vibrations of natural and 
anthropogenic origin
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